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Abstract

This paper considers problems of the three-dimensional axisymmetric quasi-static coupled magnetothermoelasticity for the laminated circular
conical shells subjected to magnetic and vapor fields. The water vapor temperature and pressure relation are assumed for the inner boundary. The
water vapor temperature and pressure data were obtained from a thermodynamic steam table. The formulation begins with the basic equations of
magnetothermoelasticity in curvilinear circular conical coordinates. Laplace transform and finite difference methods are used to analyze problems.
The solution is obtained by using the matrix similarity transformation and inverse Laplace transform. We obtain solutions for the temperature and
thermal deformation distributions in a transient and steady state. Moreover, the computational procedures established in this thesis, can solve the
generalized magnetothermoelasticity problem for multilayered conical shells with nonhomogeneous materials.
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1. Introduction

The increased interest recently in magnetothermoelasticity
can be attributed to the increased study of magnetothermo-
mechanical coupled behavior in smart structures. The inter-
action between magnetic, thermal and mechanical fields in a
hollow cylinder is usually encountered in space shuttles, super-
sonic airplanes, rockets and missiles, plasma physics and the
corresponding measurement techniques of magnetothermoelas-
ticity. The interaction between the magnetic, thermal and me-
chanical fields in a hollow cylinder gives rise to the transient
coupled theory of magnetothermoelasticity. This theory is ap-
plicable to analyze a wide range of magnetically, thermally and
mechanically coupled phenomena in the mixed state.

There are relatively very few studies on quasi-static coupled
thermoelasticity for laminated conical shells under various me-
chanical loads, although there have been many studies on the
structure of thin conical shells. Al-Huniti and Al-Nimr [1] pre-
sented the transient thermoelastic response of a thin composite
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plate composed of a dominant matrix and an insert is investi-
gated. The plate is heated by exposing the matrix to a heating
source in the form of a step function. The hyperbolic heat con-
duction model is used to determine the thermal behavior of the
plate, which is assumed to be lumped in the transverse direc-
tion. The dominant temperature of the matrix is used to evaluate
the thermal stresses. Hosseini-Tehrani and Hosseini-Godarzi
[2] presented a boundary element method using Laplace trans-
form in time domain is developed for the analysis of frac-
ture mechanics considering transient coupled thermoelasticity
problems with relaxation time in two-dimensional finite do-
main. The dynamic thermoelastic model of Lord and Shulman
are selected for showing finite thermal propagation speed. The
Laplace transform method is applied to the time domain and
the resulting equations in the transformed field are discretized
using boundary element method. Actual physical quantities in
time domain is obtained, using the numerical inversion of the
Laplace transform method. Ram et al. [3] presented a general
solution to the field equations of generalized thermodiffusion in
an elastic solid has been obtained, in the transformed form, us-
ing the Fourier transform. Assuming the disturbances to be har-
monically time dependent, the transformed solution is obtained
in the frequency domain. Wang et al. [4,5] presented an analyt-
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Nomenclature

®, T  dimensional and nondimensional temperature

a;, oy, a; dimensional normal stress

Oy, 09, 0; the nondimensional normal stresses
* * * 1 :

Toor Tner T : dlme?,ns1ona1 shear str.ess

sj;, 8;, sz‘ dimensional normal strain

Ynor Vier Yo dll'nenSEc)nal'shear strain

Vi, Vios Vor Poisson’s ratio . .

ay, ag, o linear thermal expansion coefficients

E,, Eg, E; Young’s modulus

Gyo, Gy, Gor shear modulus.

ky, k;  the thermal conductivities

T the dimensional time

X nondimensional meridional direction
z nondimensional normal direction
uy, u; nondimensional displacement components

Tz nondimensional shear stress

A Lame’s constant

0 density

Cy specific heat

O reference temperature

L z-direction length

7 magnetic permeability

Hy initial constant magnetic field vector

ical method for stress wave propagation of spherically symmet-
ric motion in laminated piezoelectric shells subjected to thermal
shock and electric excitation loads. The analytical expressions
of displacement, stresses and electric potential for each spher-
ically symmetric shell layer are obtained by means of finite
Hankel transforms and Laplace transforms. Wang et al. [6-8]
presented a theoretical method for analyzing magnetothermoe-
lastic responses and perturbation of the magnetic field vector
in a conducting orthotropic and non-homogeneous thermoelas-
tic cylinder subjected to thermal shock. By making use of finite
Hankle integral transforms the analytical expressions for mag-
netothermodynamic stress and perturbation response of an axial
magnetic field vector in the orthotropic and non-homogeneous
cylinder are obtained. Jianpong and Harik [9] presented an iter-
ative finite difference method to determine the stresses and dis-
placements from bending of axisymmetric conical shells. This
method can be applied to short and long conical shells having
simply supported, clamped, or free edges, and it can easily be
extended to tapered conical shells and other types of axisym-
metric shells. Based on thick shell theory, Lu, Mao and Win-
field [10] discussed the stress distribution of thick laminated
conical tubes under general loading. The effect of transverse
shear is taken into account by a first-order theory. Governing
equations are solved by a semi-analytical method that is a com-
bination of Fourier series expansion, finite difference scheme
and Riccati transfer matrix method. The method can be ap-
plied to the analysis of any axisymmetric laminated tube or
shell that may approximately be divided into a series of con-
ical shell segments. Based on the three-dimensional equations,
Wu and Chiu [11] analyzed the thermal dynamic instability of
laminated conical shells subjected to static and periodic thermal
loads. By using the differential quadrature method and Bolot-
in’s method, the boundary frequencies of the principal insta-
bility regions of cross-ply conical shell with simply supported
boundary conditions can be obtained. Based on the governing
equations of three-dimensional elasticity, an asymptotic theory
was presented by Wu and Chiu [12] for the thermoelastic buck-
ling analysis of laminated composite conical shells subjected to
a uniform temperature change. The perturbation method is used
to determine the critical thermal loads. Performing a straightfor-

ward derivation, the asymptotic formulation leads to recursive
sets of governing equations for various orders. The critical ther-
mal loads of simply supported, cross-ply conical shells have
been studied to demonstrate the performance of the asymptotic
theory.

Chen et al. [13,14] presented a new numerical technique-
hybrid numerical method for the problem of a transient linear
heat conduction system. They applied the Laplace transform
to remove the time-dependence from the governing equations
and boundary conditions, and solved the transformed equations
with the finite element and finite difference method. Finally,
the transformed temperature was inverted by numerical inver-
sion of the Laplace transform. It was demonstrated that the
method can accurately determine stable solutions at a specific
time. Jane and Lee [15] considered the same problem by using
the Laplace transform and the finite difference method. In this
case, the cylinder was composed of multiple layers of different
materials, and there was no limit to the number of annular layers
of the cylinder in the computational procedures. The Laplace
transform and finite difference methods were used to analyze
problems. They solutions were obtained for the temperature and
thermal stress distributions in a transient state.

However, there have been few studies on the quasi-static
coupled magnetothermoelasticity of laminated conical shells,
due to difficulties in the theoretical analysis and the complex-
ity of the mathematics. In this paper, we consider the three-
dimensional quasi-static coupled magnetothermoelastic prob-
lems of multilayered conical shell with magnetic and vapor
fields. The medium is without heat generation. Laplace trans-
form and finite difference methods are used, which are quite
effective and powerful to obtain solutions of a wide range of
transient thermal stress problems as previously shown [16,17].

2. Formulation

Consider the laminated circular conical shell composed of
multiple layers with different materials. The material of each
region is elastic and axisymmetric. Moreover, it is assumed that
perfect contact is maintained at the interface between two adja-
cent layers and there is assumed to be a different thickness #; of
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Fig. 1. Physical model and system coordinates for the circular conical shell.

each layer. For the laminated circular conical shell subjected to
magnetic and vapor fields is presented. A set of the orthogonal
curvilinear coordinates (17, 8, ¢) is located on the internal sur-
face, as shown in Fig. 1, in which 7 is the meridional direction,
6 is the circumferential direction, and ¢ is the normal direction;
Let R; and R; be the radii of the cone at the small and large
edges, respectively, o be the semi-vertex angle of the cone, L
be the cone length along the generator and R = R(1, ¢{) be the
variable radius of the circular conical shell at any point along
the n-direction. Furthermore, the outer and inner temperatures
are assumed to be f] and f;, respectively. The temperatures at
both ends are assumed to be f3 and f, respectively.

The constitutive relations including the thermal effect for the
kth layer of the conical shell are given by

O_*
1 Cit Cpp Ci3 O 0 0
% Cip Cpn (O 0 0 0
of | _|Cis Ciz C33 O 0 0
71:9 - 0 0 0 Cyq O 0
o 0 0 0 0 Cs5 O
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To; _
&y — oy ®
8;—0@?
ef —ar O
¢ ¢ 1
X y;;ke (D
*
Ve
Yor

in which ® = © — @, and

Cii = (1/A)[Ey(1 — vgevep)]
Ci2=(1/A)[Eg(veo + veovne)]
Ci3 = (1/ A)[E (vye + vyover)]
Coo = (1/A)[Eo(1 — vyevey)]
Co3 = (1/A)[ E¢ (Vo + veyvye)]

C33=(1/A)[E (1 — vygvay)]
A=1—vyevgy — Varvee — 2VgyVrg e
Caa = Gy, Css =Gye, Cos = Goy

where C;; are the stiffness coefficients. Eq. (1) represents the
constitutive equations for an orthotropic material where the
number of independent elastic material coefficients is nine.

The kinematics relations for the kth layer of the conical shell
can be expressed as

- 0

o 2 0 0 7

Z sina 0 cosa

&g R R U
c* 0 0 % n
7;(9 an R U{
VTK 0 0 0

J/* aC an
Lo g ol

where R is given by R(n,¢) = R; + nsina + ¢ cosa for the
circular conical shell; U;, Uy and U, are dimensional displace-
ment components along 1-, 6- and ¢ -direction, respectively.

Consider a long, circular conical shell with perfect conduc-
tivity placed initially magnetic field Hy, as shown in Fig. 1. Let
this conical shell be subjected to a rapid change in temperature
T (¢, t) produced by the absorption of an electromagnetic pulse
or y-ray pulse radiant energy. There will then be an interac-
tion between deformation of the conical shell and perturbation
of the magnetic field vector in the circular conical shell. As-
suming that the magnetic permeability, u, of the conical shell
equals the magnetic permeability of the medium around it and
omitting displacement electric currents, the governing electro-
dynamic Maxwell equations [18] for a perfectly conducting,
elastic body are given by

R R ah R
J =Curlh, —M¥=Curle

- - aU -
divh =0, e= —p,(— X Ho) 3)
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Applying an initial magnetic field vector ﬁo in cylindrical polar
coordinates (1, 8, ¢)to Eq. (3) we have

N ou
0=(0,0,uiz,n), é= u(o, Ho. 0) (4a)
h = (h,,0,0) f—( %0> (4b)
- ns Y ’ - ’ aé_ ’
ou
hn__HO(BQ’) (4¢)

From Egs. (3) and (4), the magnetoelastic equation of the coni-
cal shell becomes

" do; RO I,
cosa -0, + —+sma T+
¢ ac {n an
—cosa -0y + fr =0 )
where f; is defined as Lorentz’s force, which may be written as
2

= RuH}—
f§ KLy 8{2

The equation of equilibrium for a circular conical shell along
the - and ¢ -direction, respectively, can be written as

sino - *+R8—;+cos . —i—R%—s'n .oy =0 (6)
ina - o, o o Ty, Bc ina- o) =
80 8r*
cosa - o, +R¥+smo¢ r§n+R o
32U,
—cosa -0 + RuH? £ 0 7

The coupled transient heat conduction equation for the kth
layer of the conical shell can be written as

920 sino 90 920 cosa 3O
ky—— +ky—5— t =57 Tk -
an R an  Cac R ¢
00 88* 88*
=pCy— o + 00,3;78— + Ooﬁe— + OB — Py 3
in which

By = (1/ A Ey(1 — vgeveg)ay + Eo(vng + vegvne )ee
+ E¢(vye + vneve;)a;]
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+E:(1- v,,gvg,])a;]

Substitution of Eq. (2) into Eq. (1) yields the stress-displace-
ment relations for the kth layer as
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where o'; . crg,“ . and 02‘ « are the dimensional normal stresses for
the kth layer, and r;} « 1s the dimensional shear stress for the
kth layer.

By substituting Egs. (9)—(12) into Egs. (6)—(7), the equation
of equilibrium for a circular conical shell along the n- and ¢-
direction, respectively, can be rewritten as
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By substituting Eq. (2) into Eq. (8), the coupled transient
heat conduction equation for the kth layer of the conical shell
also can be rewritten as

920 sina 960 2o n cosa 3O
"omr TR anp | Cacz "YU R o

36 d (U sina U
=0Cy— + Oy B, — | —1 On By —— 1
pCoZ—+ 0By <8r)+ oﬂeR Py

Coso —

U—ﬂzag (B: — Be)

(14)

k

aT

In this study, let the boundary surfaces of the laminated cir-
cular conical shells remain traction-free and subjected to the
heating process. The boundary conditions at the outer and top
boundary surfaces can be expressed as

of(n.¢,0)=0,  ©1=6p+ fi
oy, ¢,1)=0, @3=6p+ f3
Let the boundary surfaces of the laminated circular conical

shells remain at time-dependent boundary temperature and sub-
jected to a dynamic pressure. It is assumed that the dynamic

at{ = (Ry — Ry)/cosw
atn=Rp/sina



54 Z.Y. Lee / International Journal of Thermal Sciences 48 (2009) 50-72

pressure P(t) depends on time in the normal direction, thus
the boundary conditions at the inner and bottom boundary sur-
faces can be considered as

o/, ¢, T)=P(1), =60+ f
o, (. ¢, 1)=0, O4=00+ f4

At the interface between the kth and (k + 1)th layers, assum-
ing perfect contact, the interface conditions are

(Un’ Ubag:k’ r,;'},q, @)k = (Un’ UbU;’ T,;'},q, @)k+1
where ¢ is the heat flux per unit area per unit time. )

at{ = Ry/cosw
atn=L+ Ry/sinx

The initial condition is U, = U,
att =0.

The nondimensional variables for the circular multi-layered
conical shells are defined as follows:
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3. Computational procedures

By applying the transformation of coordinates, the variable
radius R(n, ¢) of the circular conical shell can be rewritten as
r=r(x,z)=14+x+z.

By substituting the nondimensional quantities into the gov-
erning equations (13), (14) and (15), and constitutive relations
(9) to (12), we obtain the following nondimensional equations:

82ux 1 0uy blk 2ux b3 duy  bag Ou;
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oxr Trax Rt a Y T T T R
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The nondimensional boundary conditions can be expressed
as

o.(x,z,1) =0, T = f1/60 at Z = Zouter
ox(x,2,1) =0, T3 = f3/0q at x = Xyop
o.(x,z,t) = P(1), = f2(t)/00 atz= Zinner
ox(x,z,1) =0, Ty = f4/6¢ at X = Xbottom

The nondimensional interface conditions between the kth
and (k + 1)th layers can be expressed as

(u)m Uz;,07,Txz,4, T)k = (u)m U;,07,Txz,4, T)k—H

By applying the central difference scheme in Egs. (16)—(22),
the following discretized equations are obtained as

Uyigl,j — 2Uxij +Uyi—1,j 1 wyig1,j —Uxi—1,j
(Ax)z ri,j 2Ax

b b Uxi j+1 — 2Uyi j + Uyi j—1
3 Uxi,j 2k (AZ)2

i,j

bog Uyi j+1 — Uxij—1  b3g Uzi j41 — Uzij—1
+—= =

ri,j 2Az ri,j 2Az

b1k baj Uzit1,j — Uzi—1,j

Ui
7 Maij T
i rij 2Ax

Uzitl,j+1 = Uzitl,j—1 — Uzi—1,j+1 T Uzi—1,j—1
A4Ax Az
Tiv1,j—Tic1,;  bu
el ) TR =0 (23)
2Ax ri,j
Ugitl,j — 2z j + Uzi—1,j I uzig1,j —uzi-1,j Clk

.
(Ax)? T 2Ax rizj @

Ui j41 — 2Ugij Uz j—1  Cok Ugi jy1 — Uzi j—1
(Az)? ri,j 2Az

C3k Uxi,j+1 — Uxi, j—1 Clk
ok Uil — i1

— 5 Ui
ri,j ZAZ i2j X

+ bsk

— bk

+ ok

Cak Uxi+1,j — Uxi—1,j

; 2Ax

Uyitl,j+1 — Uxitl,j—1 — Uxi—1,j+1 T Uxi—1,j—1
4Ax Az

Tij+1—Tij—1  c%

— s T =0 24
Cok 2Az ri i,j (24)

+ ¢sk

Tiv1,j — 2T j+Ti-1,j A T =T

ailk

(Ax)? ]kri,j 2Ax
Tij+1— 2T + T; j 1 T jr1— T j1
+ axy— : — tay—————
* (Az)? ey 2Az
_ 0T, n (Qux /01)i41,j — (Qux/01)i—1, L Gk dutx
S0 2Ax rig\ 9t )
N aﬁ(%) +a4k(3uz/3l)i,j+1 — (Quz/0t)i,j—1
ri,j d i,j 2Az
(25)
Uil i — Uil i Ui Ui
ok =10 —d XL 0 40—
2Ax T Tij
Uzi j+1 — Uzi j—1
+3Qk% —4QiTij (26)
Uit & — Ui 1 Uei s Uoi
U@klek xi+1,j xi—1,j +2Rk xi,j +2Rk zi, j
ZAX r,',j ri,j
Ui 41 — Uz 1
Ry T ’*MZ LD R 27)
Uxi+1,j — Uxi—1,j Uyi, j Uz,
o =1P +2P +2P
2 = 1Pk TAx 2Py s 2Py s
Ui 41 — Uz i1
P ]+2Az LI WP T (28)
Ui it — Ui i Uit f — i1 s
Took = lSk xi, j+1 xi,j—1 +2Sk zi+1,j zi—1,j (29)

2Az 2Ax

In order to remove the time derivatives from the govern-
ing equation and boundary conditions, the Laplace transform
is used. The Laplace transform of a function @ (¢) and its in-
verse are defined by

D(s)=L[D(1)] =/e*“cp(r)dt
0
c+ioco
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By taking the Laplace transform for Egs. (23)—(29), the fol-
lowing equations are obtained as
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Tyxzk =15k BTy e a— 28k Ay (36)

After taking the Laplace transform, the boundary conditions
in the transformed domain become

— i
o;(x,z,1) =0, T1=>— atz=Zouter
o
ox(x,2,1) =0, T3=ﬁ at X = Xop
©&o
_ - = f2
o:(x,z,5)=P(s), Tr=-— atz = Zinper
o
= Jfa
ox(x,z,t) =0, T4=>— atx = Xbottom

= %,

and the interface conditions between the kth and (k 4 1)th lay-
ers are obtained as

(y, Uz,07,Txz, 4, T)i = (uty, Uz,07,Txz, 4, T)k-l—l

By applying the boundary conditions and interface condi-
tions to the governing equations, the following equations in
matrix form are obtained as

[Mi{Tij} + [Maliazij} + [M3)fityi;} =0 (37)
[Ma{T;} + [Ms)itzi} + [Mefitxij} =0 (38)
{[M7] = sUTHT i} + sIMg itz } + s[Molfitxij} = [Mio] 9

Substituting Eqgs. (37)-(38) into Eq. (39), yields
{IM]—sUHT i} = [BI[IM)0] (40
in which
[M] = {[Ms][M2]~" [M1] + (IMs1[Ma]™" [M3] — [Mo])

x (IM6] — [Ms][M] ™" [M3])”"
x ([Ms][M2]™"[M1] — [M4]) + [1]}71 [M7]
and
[B]= {[Ms][M2]~" [M1] + (IMs][Ma] ™" [M3] — [Mo))
x (IMe] — [Ms1[Ma] ™" [M3]) ™"
x ([Ms1[M2]™ ' [M1] — [Ma]) + [1]}71

Since the (N2 x N?) matrix [M] is a nonsingular real ma-
trix, matrix [M] possesses a set of N2 linearly independent
eigenvectors; hence matrix [M] is diagonalizable. There exists
a nonsingular transition matrix [P] such that [P~ [M][P] =

diag[M], in which the original matrix [M] is similar to the di-
agonal matrix diag[ M], where matrix diag[M] is defined as

Al
A
diagi]| (4D

)xN2

inwhich1; (j=1,2,..., N2) is the eigenvalue of matrix [M].
By substituting Eq. (41) into (40), the following matrix equa-
tion is obtained:

{[PT'[M1LP] - s[P1 ' LINLPI}[P1 1T ;)

=[P17'[B][M0] (42)
{diag{M] — sLIT}{T};} = [P1'[Bl[M)o] 43)
where

{TF} =PI (T}
The following solution is obtained immediately in the transform
domain from Eq. (43).

Tk 1 —1
Tij= O _S)[P] [B1[M;o] (44)

By taking the inverse Laplace transform on Eq. (44), the
solution for T;"j can be obtained. Substituting T:.‘j into the fol-

lowing relations, the temperature distribution T'; - the displace-
ments uz,; and uy;; can be obtained as follows:
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Table 1
Geometry and material constants of a laminated circular conical shell
(zouter/Zinner = 1.7, L =4.5, « =7 /6)

Table 2
The temperature under different nondimensional times and different number of
gird points of finite difference method at x =3.13, z =1.33

Layer 1 Layer 2
Ey=Ep=E; (N/m?) 50E6 58E6
kn = kg = k¢ (Watt/(mK)) 18 22
ap =ap =a; (1/K) 4E—6 4E—6
Vpe = vy 0.2 0.3
l)n; = V;,] 03 02
l);g = 1)9{ 015 015
Gy (N/m?) 15E6 18E6
o (kg/m3) 0.095 0.095
Cy (KJ/(kgK)) 0.3 0.3
w (H/m) 1.25E—6 1.1E—6
{Tij} = 1P T} (45)
_ _ —1
{uzij} = —[Ma] " {[M1] + [M3)([M6] — [M5][Ma]~ ' [M3])
X ([M5][M2]‘1[M1] - [M4])}{Tij} (46)
{uxij} = —[M3]7 (M (T} — [M3]7 ' (Mo {uzij) (47)

By substituting 7;;, Uy, and Uz into Egs. (19)-(22). The
x-direction stress oy, the circumferential stress oy, z-direction
stress o, and the shear stress t, can all be obtained.

4. Numerical results and discussions

In this section, some results of the temperature distribution
in a laminated circular conical shell, displacement and thermal
stresses are calculated numerically. To illustrate the foregoing
analysis, numerical calculations for a circular multilayered con-
ical shell subjected to magnetic and vapor fields at the boundary
surface were performed. In this examined case, the laminated
circular conical shell is composed of two different isotropic
layers, in which the nondimensional thickness of each layer is
taken for A = 0.4 and hy = 0.3, respectively. The geometrical
parameters and the material quantities of this laminated circular

Girds =36 Girds =64 Girds =100 Girds =144 Girds =196

(N =6) (N=28) (N =10) (N=12) (N =14)
t=5 53.112 54.241 54.833 54.951 54.957
t=10 98.965 100.876 101.421 101.483 101.486
t=15 145.113 147.243 147.908 147.993 148.015
t=20 181.832 183.765 184.476 184.542 184.544
t=25 193.324 195.121 195.786 195.856 195.862
t=30 193.896 195.695 196.203 196.230 196.235
t=35 193.985 195.765 196.313 196.319 196.325

conical shell are shown in Table 1. The nondimensional length
along the x-direction is L = 4.5 and the semi-vertex angle of
the cone is &« = /6. The nondimensional inner and outer radii
of the cone at the small and large edges are assumed to be 1.0
and 1.7, respectively. The nondimensional outer and inner tem-
peratures are assumed to be 25 and f(¢), respectively. The top
and bottom nondimensional temperatures are assumed to be 25,
respectively. The initial constant magnetic field vector is as-
sumed to be Hy. Furthermore the pressure is assumed to be p(¢)
on the inner surface.

For the convergence test of the present method, we calcu-
late the temperature values at the point x = 3.13, z = 1.33 with
different number of finite difference gird points and different
time as shown in Table 2. Results show that the temperature
changes very small as the number of the grid point increases,
say gird points is 144 (N = 12). From Table 2, we can see
that under various number of gird points of finite difference
method, the solutions are rapidly convergent. It is well known
that the temperature tends to steady as the time increase. As the
time increases, for example, = 30 to 35, the temperatures vary
slightly in each layer, since the steady state is approached as the
time increases. Therefore, in the present study, we chose gird
points = 196 (N = 14) to evaluate the temperature distribution,

10.00

8.00 —

6.00 —

Pressure 1

4.00—

2.00 —

Water vapor

0.00 . |
0.00 100.00

200.00 300.00 400.00

Temperature

Fig. 2. Temperature and pressure relation in inner boundary (quality 90%) [19].
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400.00
4 Water vapor
300.00— —
Temperature 200.00—]
100.00—
000 1 I 1 I 1 I T I T
0.00 10.00 20.00 30.00 40.00 50.00
t
1) 15¢ , 0<¢r<20
300 , t>20
Fig. 3. Temperature distribution with time in inner boundary.
10.00
a Water vapor
Q
8.00 —
6.00 —
Pressure 1
4.00—
2.00 —
0.00 T T T T T T T T
0.00 10.00 20.00 30.00 40.00 50.00
t
—0.00013995¢ +0.00461523¢* —0.00112473¢
p(t) ={+0.00060406¢* 0<7<20
8.585 , t>20

Fig. 4. Pressure distribution with time in inner boundary.

displacement and thermal stresses in a laminated circular coni-
cal shell for time # = 10 and ¢ = 30.

Fig. 2 shows the water vapor temperature and the pressure
relation that are assumed for the inner boundary. The water
vapor temperature and pressure data were obtained from a ther-
modynamic steam table [19]. Fig. 3 shows the temperature

distributions with time. Fig. 4 shows the pressure distributions
with time. Figs. 5 and 6 show the temperature distribution along
the z- and x-direction of the laminated circular conical shell at
t = 10 and 30, respectively. The temperature gradient varies in
each layer due to the difference in thermal conductivity coef-
ficients. It is evident that the temperature of boundary surfaces
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Fig. 5. Temperature distribution along radial and z-directions at r = 10.
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Fig. 6. Temperature distribution along radial and z-directions at r = 30.

satisfies the boundary conditions. It can be seen that, the tem-
perature in the outer surface is increasing as the time becomes
larger while the laminated circular conical shells are subjected
to a time-dependent internal heating process. In both cases, it
can be observed that the temperature distribution across each
layer is generally curved at time intervals. Fig. 7(a)—(c) shows
the variation of displacement in z-direction u, along the z-
and x-directions for the laminated circular conical shell for
Hy =0, 10° and 107 at r = 10, respectively. From these fig-
ures, it can be seen that the locations of the points of maximum
z-direction displacement along the z-direction occur at the cen-
ter nearly. It can further be seen that, with the increase of initial
constant magnetic field vector, the maximum displacement in
z-direction is decreasing. Fig. 8(a)—(c) shows the variation of
displacement in z-direction u, along the z- and x-directions for
the laminated circular conical shell for Hy = 0, 10° and 107
at t = 30, respectively. With the increase of the initial constant
magnetic field vector, the maximum displacement in z-direction
is decreasing. Fig. 9(a)—(c) shows the x-direction displacement
varying in the z- and x-directions of the laminated circular con-

ical shells for Hy = 0, 10° and 107 at r = 10, respectively.
The locations of the points of maximum x-direction displace-
ment u, along the z-direction occur at the center. Fig. 10(a)—(c)
shows the x-direction displacement varying in the z- and x-
directions of the laminated circular conical shells for Hy = 0,
10% and 107 at r = 30, respectively. As the initial constant mag-
netic field vector increases, we can see the variations of the
displacement. Fig. 11(a)—(c) shows the thermal stress distri-
bution o, along the z- and x-directions for Hy = 0, 10° and
107 at ¢ = 10, respectively. From these figures, the locations of
the points of maximum stress o, occur at the inner surfaces
(at z = 1). Fig. 12(a)—(c) shows the thermal stress distribu-
tion o, along the z- and x-directions for Hy = 0, 10° and 107
at t = 30, respectively. The z-direction thermal stress changes
slightly with respect to initial constant magnetic field vector.
Larger the surrounding temperatures will have greater thermal
stress o,. Fig. 13(a)—(c) shows the circumferential stress oy
along the z- and x-directions of the laminated circular coni-
cal shell for Hy = 0, 10° and 107 at t = 10, respectively. The
locations of the points of maximum stress oy occur at the in-
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Fig. 7. Displacement component u, along z- and x-directions at = 10. (a) Hy =0, (b) Hy = 10, (c) Hy = 107.

ner surfaces. Fig. 14(a)—(c) shows the circumferential stress op
along the z- and x-directions of the laminated circular coni-
cal shell for Hy = 0, 10% and 107 at ¢ = 30, respectively. The
results show that when the initial constant magnetic field vec-
tor increases, the circumferential stress distribution changes.
Fig. 15(a)—(c) shows the stress distribution o, along the z- and
x-directions of the laminated circular conical shell for Hy =0,
109 and 107 at 7 = 10, respectively. The locations of the points

of maximum stress o, occur at the inner surfaces. From the fig-
ures, it can be noted that the thermal stress distribution o is
larger than other thermal stress components because the lami-
nated circular conical shells are subjected to pressure depending
on time in the z-direction. Fig. 16(a)—(c) shows the stress distri-
bution oy along the z- and x-directions of the laminated circular
conical shell for Hy = 0, 10° and 107 at r = 30, respectively.
Fig. 17(a)—(c) shows the distributions of the shear stress 7, in
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Fig. 8. Displacement component u along z- and x-directions at = 30. (a) Hy =0, (b) Hy = 10, (¢) Hy= 107.

the laminated circular conical shell at t = 10 for Hy = 0, 100
and 107, respectively. Fig. 18(a)—(c) shows that the distribution
of the shear stress 7y, in the laminated circular conical shell at
t =30 for Hy =0, 10° and 107, respectively. The shear stress
changes slightly with respect to initial constant magnetic field
vector. The shear stress 7, is much smaller than the other ther-
mal stress components.

The above discussions demonstrate that the present method
for the conical coordinates can obtain stable solutions at a spe-
cific time. Thus it is a powerful and efficient method for solv-
ing the coupled transient magnetothermoelastic problems of a
circular multilayered conical shell. These results are specific
for the boundary conditions considered, and other assumptive
boundary conditions may have different trends.
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Fig. 9. Displacement component u along z- and x-directions at r = 10. (a) Hy =0, (b) Hy = 106, (c) Hy = 107.

5. Conclusions

In this paper, the magnetothermoelastic transient response
of the laminated circular conical shell has been analyzed. The
magnetothermoelastic problem of circular conical shell com-
posed of multilayer of different materials and subjected to mag-

netic and vapor fields have also been discussed. It was shown
that the solutions are rapidly convergent. Solutions for the tem-
perature, displacement and thermal stress distributions in both
transient and steady state are obtained. The present method can
obtain stable solutions at a specific time; thus it is a further
concluded that the method and the computing process of the
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(b)

Fig. 10. Displacement component u, along z- and x-directions at t = 30. (a) Hy =0, (b) Hy = 10, (¢) Hy= 107.

coupled transient magnetothermoelastic problems of a circu-
lar multilayered conical shell are powerful and efficient. The
topic studied here is relevant to many potential applications
in space shuttles, supersonic airplanes, rockets and missiles,

plasma physics and the corresponding measurement techniques
of magnetothermoelasticity. This paper is well organized and
presented clearly, with understandable technical derivation and
very meaningful numerical results.
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Fig. 11. Stress distribution o along z- and x-directions at t = 10. (a) Hy =0, (b) Hy = 10, (¢) Hy= 107.
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(b)

Fig. 12. Stress distribution o along z- and x-directions at t = 30. (a) Hy =0, (b) Hy = 10, (¢) Hy= 107.
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Circumferential stress
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Fig. 13. Circumferential stress along z- and x-directions at r = 10. (a) Hy =0, (b) Hy = 106, (c) Hy= 107.
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Fig. 14. Circumferential stress along z- and x-directions at r = 30. (a) Hy =0, (b) Hy = 10, (c) Hy = 107.
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Fig. 15. Stress distribution oy along z- and x-directions at t = 10. (a) Hy =0, (b) Hy = 100, (c) Hy = 107.
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(b)

Fig. 16. Stress distribution oy along z- and x-directions at t = 30. (a) Hy =0, (b) Hy = 100, (c) Hy = 107.
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Shear stress

Fig. 17. Shear stress distribution 7y, along z- and x-directions at t = 10. (a) Hy =0, (b) Hy = 100, (c) Hy = 107.
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(b)

Fig. 18. Shear stress distribution 7y, along z- and x-directions at t = 30. (a) Hy =0, (b) Hy = 10, (c) Hy = 107.
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